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1 Weak Solutions of the Poisson Equation and Strengthened
Hahn-Banach

1.1 Weak solutions of the Poisson equation

Last time, we were trying to solve the equation Au = f for f € L?(Q) with Q C R" open
and bounded.

Proposition 1.1. There ezists a constant A > 0 such that for any ¢ € CZ(2) (C? func-
tions on 0 with compact support), we have

Iellz2@) < AllAgllr2(9)

Proof. For simplicity of notation, we assume ¢ is real. Then, using integration by parts,
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implies that, using Cauchy-Schwarz,

Also,

|2, < 2C /Q 110yl dz < 201l 2Vl 1o

Thus,
lellze < 2C% A 2. O



Now let ACZ(Q2) = {Ap : ¢ € C3(Q)} C L*Q). Consider the linear form L :
ACE(Q) — C that sends Ap — [, fodx, where f = Au. This form L is well-defined
(thanks to the proposition), and we get

IL(A@)| < [ fllc2llellz < 4C%| fll2 | Al 2

By Hahn-Banach, L extends to a continuous linear form L on all of L?() such that
IL(v)] < 4C%| fl 2|0l

for any v € L?(9). By the Riesz representation theorem, there exists u € L?(£2) such that
L(v) = [, vudz for any v € L? and ||ul|z2 < 4C?||f| L2.
When v = Ay with ¢ € C3(Q2), we get

/uAgoda::/fcpda:.
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If u were of class C?(Q2), we would get [Aup = [ fo Vo, so Au = f a.e. In general,
u € L?(R) satisfying the above equation is called a weak solution of Au = f.

1.2 Strengthened Hahn-Banach theorem

Theorem 1.1. Let V' be a normed vector space over K = R or C, and letT : V — V
be a continuous linear map such that ||T|| < 1 (||Tz|| < ||z| for all x € V). Assume that
T has a fixed point xg # 0 such that Txog = xg. Then there is a linear continuous form
f:V = K such that || f|]| =1, f(zo) = ||xol|, and f(Tx) = f(z) for allz € V.

Proof. Let us define ||z||7 = inf||Y 72 ) AnT™ ||, where the inf is taken over all A, > 0
such that "\, = 1, where only finitely many are nonzero in this sum.! We claim that
x + ||z||7 is a seminorm on V. We only need to check the triangle inequality. Let z,y € V
and € > 0. Then there exist A\,, > 0 and p,, > 0 with >\, = >, = 1 such that

HZ AnT"z ‘ < llzllr +e, HZ s T™y

By the triangle inequality,
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!This is a really clever choice for a seminorm.



< llzllz + llyllz + 2.

Now observe that

e+l < |31 D Autmm | T+ 9| = [ (S 0T) (™) @+ ).

n+m=j

Apply Hahn-Banach with respect to this seminorm. Let ¢ : Kxzg — C send axy —
allzgl|. Then |g(y)| = ||y|| = ||y||T for all y € Kxy. Then g extends to a linear form f such
that f(zo) = [|zol| and |f(z)| < ||z||r for € V. Finally, check that f(Tz) = f(z):

|f(Tz) = f(x)] = [f(Tz —z)| < [Tz —z|r =0
for all x, where the last equality comes from
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Remark 1.1. When T is the identity, this is the usual Hahn-Banach theorem.

1.3 Generalized Banach limits

Here is an application due to Banach himself. Let V' = ¢*°(N) with elements z =
(x1,22,...,) with z; € C. Let the shift operator be (T'z); = z;+1. By the theorem, there
is a continuous linear form f : *° — C such that ||f|| =1, f(1,1,...) =1, f(Tz) = f(x)
for all z € £°°. Note that

[f(@)] = |f(T"z)| < sup |z,
>n

SO
|f(x)| < limsup|zy|.

n—o0

For all ¢ € C plugging in = + (c,c,...) gives

|f(x) — ¢| < limsup |z, — ¢|.

n—oo
So if (xy,) converges, then f(x) = limy, 00 .

Remark 1.2. If z is a real sequence, liminf z,, < f(z) < limsup z,.
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